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Signatures for membranes [0, 1] — RY
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(s,) > st — st> + s°t + s*t> + s A piecewise bilinear interpolation of
’ st 4 st® — s2t? + 2t 12 points in R® on a 4 x 3 grid
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Signature matrices

812)<(57 t) = ag?tx(sa t)

For X : [0,1]2 — R? we define o = o(X) € R¥*? via

1 1 tr )
gjji= / / / / 812X,'(51, tl) 812)(1'(52, tz) dSldtldSthQ
0 0 0 0

This matrix is known as the 2nd level of the id-signature of X

Example. For d = 2, the bilinear membrane X(s,t) := (2 5t>

6 st
yields
1 /2 1 3 xo
0:22<6>(2 6):<3 9>eRX



Signature varieties for membranes

Main result. “The entries of the signature matrix
o = o(X) € R4 satisfy in general no algebraic relations.”

To show this, we enter the realm of [3].

Remark. For signature matrices of paths this is not true, e.g.

2 2 2
4011020 = 0705 = (o102)

2
= (0124 02,1)
_ 2 2 2
= 0'271 + 021012 + 0'1,2

for all o due to shuffle relations.

[3] C. Améndola, P. Friz, B. Sturmfels, “Varieties of signature
tensors’. 2019



Dictionaries for paths

Mom™ : [0,1] — R™, t v (&, 2, ..

X; polynomial
deg(X) <m

{X [0,1] — R
X;(0) =0

For its signature matrix o(Mom"”

., t) is a dictionary for

} = {AMomm | A ERdxm}

)ii = 7

Similarly Axis™ is a dictionary for m-segments paths

1+ -1

1

[ T 2 1 0 T 2 1
] 3 7 3

graph(Axis;) graph(Axis3)

o 1 2 1 0
; ;

graph(Axis3) Im(Axis®)

0

[4] M. Pfeffer, A. Seigal, B.

from signature tensors’.

Sturmfels, “Learning paths
2019



Dictionaries for membranes

For polynomial membranes, Mom™" (s, t) :== Mom"(s) ® Mom"(t)
and piecewise bilinear, Axis™" (s, t) := Axis™(s) ® Axis"(t)

£ 3,2 - 3,2 . 3,2
Axis;’s Axis; ' Axis3’y R

Decomposition of 1-dim piecewise bilinear membrane X = A Axis™" + R



Piecewise and polynomial membranes

graph(Y1) graph(Y2) graph(Y3)

. t— t2 2t 21:2
A polynomial membrane X(s, t) = <s Sts+ ;25_ ;zrtg and a

piecewise bilinear membrane Y interpolating 12 points in R3.



Signature as an algebraic map
Equivariance: for all Y : [0,1]> — R* and A € R9**,
a(AY)=Ac(Y)AT

Theorem [Lotter, S].
X [0,1]2 — RY
o(X)| polynomial = ¢ o(X)

with multi-degree < (m, n)
Proof. Equivariance, o(Mom™") = o¢(Mom™) ® o(Mom") and [3].

piecewise bilinear
of order < (m,n)

X :[0,1]2 — R? }

Definition. Let -;\/ld,(m,n) := Im(¢) be the signature variety where
¢ C>¥mn — C¥ A Ag(Mom™") AT

[3] C. Améndola, P. Friz, B. Sturmfels, “Varieties of signature
tensors’. 2019



Example.
For any polynomial membrane

X — AMom?? — (al,lst + a1 st? + a1 35%t + al,4s2t2>

ap1st + 82’251‘2 + 3273521‘ + 327452 t2

we obtain o(X) = Ag(Mom??) AT, e.g. with the dictionary
Mom?2(s, t) = (st, st?, s°t, s°t?) and its core matrix

1 1 1 4

2 3 3 9
11 2 1 1 2 1 2
22y _ |6 2 9 3| _[2 3 2 3
oMom™9 =17 5 1 1[=(1 1/®(1 1
6 9 4 3 3 2 3 2

1 1 1 1

9 6 6 4

the homogeneous polynomial

1, 1 1 5 1,
U(X)l,l = 131,1 + 531,131,2 + 531,131,3 + 581713174 + 131’2

n 4 . 1 . 1, n 1 i 1,
—aioa —aioa —a —aisa —a
9 1,291,3 5 1,281,4 29137 5 1,3491.4 4°14



Varieties of signature matrices
We obtain a stabilizing grid

Myay S Mgar S Mgaz S ... © Mgaw
N N IN N
Mgy S Mgpy S Mypes S ... © Myoew
N N N N
IN N IN N
Mymiyy S Mgmz S Mgmz S ... © Mgmnw

where M, N € N such that for all m,n € N,

My ma) € S Mg mn-1) € My (mn) = Mg (mni1) = -
M 1,m) S S My m—1.0) € My ) = Ma(ms1n) = ---

2

Theorem [Lotter, S]. i) My n) = C?
i) Mg (1,n) = My 1) universal path variety



Example.
i) For d =2 and (m, n) = (2,1) we have Ao(Mom®V)AT =

1,2
211+ 311312+ 812 *311321+ 311822+ 821812+*812822
12 1 1.2
311321+ga11322+ 321212+ 212322 792113 321822+ 79,2

and with Grébner bases we can show,

2 2
Mo 1) = V(4011022 — 051 — 2021012 — 07 )

i) For (m, n) = (2,2) the entries of S = Ao(Mom®?)) AT are
s 1 1 1 1 1 L1 4 1
= —aj,1a21 + —ay1a2+ —ay1a23 + —ai1a24 + —az1a —ap1a1,3+ —axai s+ —aipa
2,1 2 1,192,1 6 1,192,2 6 1,192,3 0 1,192,4 3 2,191,2 3 2,191,3 0 2,191,4 N 1,292,2
4+ 2 41 42 41 41 41 41 41
—a a —a a —a a —a a —a: a —a a —a a —a: a
g 12323 F Ca 2@ S 0a3 F 2314+ pAa3a3 a3 D330 T 314324

S 1 N 1 N 1 N 4 N 1 N 1 N 1 N 1
1,2 = ~ar1a,1 + saria2 + sar1a3 + can1a4 + —ax1a12 + —a21a1,3 + —a1a14 + ~ar a0
! 4 3 3 9 6 6 9 4

2 1 2 1 1 1 1 1
+ 581’232’3 + 331.282.4 + 532,231.3 + 682 ,231,4 + *31 342,3 + 581 ,332,4 + gaz ,391,4 + a1 4324

1, 1 1 5 1 1
52,274821-%— 821322+7821823+9321324+ 822-%—7322323-%—7322324

NET Ll
—a —a 3a2.4 —a
4 2,3 2 s 4 2,4

and we can show My 5 5) = c*



Dimensions

Theorem [Lotter, S|. For mn < d the dimension of My, ) is

» dmn — %m2n2+m2(n71)+(m71)n27 %mn+4(m+n)74

if m, n even,

» dmn—Im?n? + m*(n— 1)+ (m—1)n> = 3mn+m+n

if m even and n odd,

» dmn—Im?’n® + m*(n— 1)+ (m—1)n* — Imn+3(m+n) — 2

if m, n odd.

Example.

(dlm MS,(m,n)) 1<m<8 =

1<n<8
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Outlook / questions / future work
» dim(Mg (m »)) unknown when mn > d A (m,n) < (d,d).

Conjecture. dim(My () =d> if m+n>dAm#1#n.

2,2 i

» same story for higher tensors, e.g. the 3-tensor of Mom*“ is
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Conjecture. No algebraic relations in the k-level id-signature.

» Universal varieties and 2-parameter shuffles in the full
signature via matrix composition Hopf algebras?

arxiv: https://arxiv.org/abs/2409.11996

recorded talk by Felix Lotter:
https://www.math.ntnu.no/acpms/view_talk.html?id=171
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